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The Applies Lion of binary Arithmetic in the computing circuits of ■ high speed digital computer ii dis- 
. ussed in detail. The discussion covers, with numerous ciAmples, the use of complements to represent 
negative numbers, the corrections necrwary in the multiplication process as a result of the use of com- 
plements, and additional modiScations nf the process to simplify mechanization A special iti vision method 
well-adapted to automatic computer use is described, and round-off procedures are noted briefly The article 
IS concluded with a discussion of the storage of nrgative numbers as absolute values wuh a sign rather 
than in complement form. 



INTRODUCTION 

THE extensive development of large-scale digital 
computers in the past few years has naturally 
been accompanied by a corresponding development of 
the mathematical techniques required for the most 
efficient use of these tools of research Probably the 
outstanding feature of electronic circuits, insofar as 
their application to digital computers is concerned, is 
their binary nature. It is possible, by relatively simple 
means, to use these essentially binary circuits for opera- 
tion in the decimal system, provided the decimal digits 
are represented in binary coded form. There is little 
doubt that ail significant future development of general 
purpose computers, particularly for use in the com- 
mercial and industrial field, will be concerned with deci- 
mal operation. Nevertheless, it is also true that many 
of the large-scale computers now under development 
both in this country and abroad are purely binary, 
at least in their arithmetic operations. The greater 
simplicity of this type of device and its slightly more 
efficient use of memory capacity will probably assure it 
a position of continuing importance in the field of 
small special -purpose computers such as those con- 
templated for industrial control applications. 

While the present discussion is concerned chiefly with 
the arithmetic operations of the Binac, a general pur- 
pose binary computer recently completed by the Eckert- 
Mauchly Computer Corporation, they apply to a large 
degree to most of the other binary computers now under 
tonstruction. The mathematical developments pre- 
sented are not intended to be rigorous, but are intended 
more to convey as simply and clearly as possible the 
principles underlying the operation of the Binac 's 
arithmetic circuits. For a more thorough and rigorous 
analysis of these principles, the reader is referred to 
ihc re|Jort of Burks, Goldstine, and von Neumann, on 
the computer being built at the Institute for Advanced 
Study ' The arithmetic oj>e rat ions in this computer are 
similar to those in the Binac, although the latter t> 
serial in nature, while the Institute's computer is of 
the parallel type. 

1 Burks, Goldstine, and von Neumann, l'teliminar\ Discussion 
of the Lugical Design of an bJntronk C<mpuiint tntfrumrnl 
i Institute for Advamed Study, Princeton, N>« Jrr«\, 1*4* i, 
wnnd edition, Part I, Vol. 1. 



I. RANGE OF NUMBERS 

The arithmetic circuits and memory of a computer 
are designed to handle data in units, each consisting of a 
fixed number of binary digits, since these units may 
represent either numbers or instructions, 1 they are 
commonly referred to as "words." The choice of word 
length must be a compromise among a number of 
factors, such as available memory capacity, operating 
speed, required accuracy of numerical data, and other 
considerations. A word length of 50 binary digits, 
equivalent numerically to slightly less than 10 decimal 
digits, was chosen for the Binac; other binary com- 
puters now in the process of construction use word 
lengths varying from 16 to 44 binary digits. 

Placement of the binary point must next be deter- 
mined. Multiplication will be simplified if the point is 
placed to the left of the first significant digit, since it 
will then be fiossibie to form the product of two factors, 
each having the maximum of M\ significant digits, 
without exceeding the capacity of the computer, and 
without resorting to "floating point" methods which 
require the keeping of a separate record of the binary 
point position. Placing of the point in this position also 
leads to a convenient method of handling negative 
numbers, as will be seen later. The absolute values of 
numbers which the computer ran represent will lie in 
the range 0£x<l, and, since .50 binary digits can be 
stored, the smallest increment which the computer can 
represent is 2~ m . 

Both [Misitive and negative numbers can be repre- 
sented if one additional digit, to the left of the binary 
point, is usetl. This digit will be a for positive numbers 
and a 1 for negative numbers; and the absolute value 
of the latter will actually l>e replaced by its complement 
with respect to I; for example: + f , t will be written 
0.0011, but -& will lie written I.llfll. fit will lie 
noted that if the sign is treated as if it were simply 
another digit, negative numficrs are represented by 



' Instructions And nunirrit.il quantities arr handled interchange 
ably in both the memory and arithmelu circuits, instructions 
twing mod i lied In the latter rir< ml-, by addition or subtraction nf 
constants where necessary. However, an instruction differs from 
,i quantity in that it can lie interpreted by I he com ml circuits ol 
the computer and through those i if cults ran lause. predetermined 
upera lions to be performed. 
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0.01 1 1 


is discarded.) 
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II. ADDITION 

It will next be shown that the correct algebraic sum 
of two quantities can DC formed by an adder which will 
form the correct sum of two positive numbers. The 
basic rules of binary addition are illustrated in Table 1. 
Since the adder must 1h? capable of forming t he correct 
sum even if two ones from the two addends coincide 
with a carryover from the preceding digit, Table II, 
h hu h is developed from the basic principles in Table I, 
summarizes the results which the adder must produce. 
An adder satisfying these requirements, then, will form 
the correct sum of two positive numbers. Since it is 
not the puriM>sc of this paper to discuss circuit details, 
it is sufficient to state here that these requirements can 
be met electronically by relatively simple means. 

The significance of the statement, previously made, 
that negative numliers are represented by their com- 
plements with resj»crt to 2, must now be examined. 
This implies -that if -1 £*<<), "x is actually written 
24- x, which obviously lies in the range between 1 and 2. 
Thus, in the example previously given. — 1' 6 (in binary 
form -0.0011) is written 1. 1101. If the digits to the 
left of the sign position are ignored, any positive 
number 0£jr<I is indistinguishable from 2+*; for 
example, ,\ in binary form is 0.0011; t\ + 2 is 10.0011, 
which becomes 0.001 1 again if the 1 to the left of the 
sign digit is ignored. 

Thus, if an adder is constructed which discards 
carries beyond the sign digit, it should work equally 
well for positive or negative numbers. The following 
examples will illustrate this, 

0.00 1 1 
0.0111 



A 



ii mm 



I 



niKni 


ft 


1.1001 


-iV 


1. 1100 


-1 


1.1101 


-I 5 * 


Mont 


-T* 
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(Again, the carryover is discarded.) 

To summarize these results, then, it is possible to us* 
a simple binary adder to add positive or negative 
numbers, provided (a) each quantity is confined to the 
range - l"kx< I and a 2 is added to the quantity Mor< 
it is sent into the machine, and (b) any digits to the left 
uf the 2" position, called the si^n position, are dis 
carded, whether they result from the original additioi 
of 1 to the number or from an addition in the course ot 
subsequent computation. 

III. SUBTRACTION 

Since the addition process just described work> 
equally well for positive and negative quantities, sub 
traction can be accomplished by changing the sign ot 
the subtrahend and adding. Since the sign reversal v* 
accomplished by determining the complement of thi 
quantity with respect to 2, a procedure for comple 
meniing is required. 

First, consider the result obtained by selecting a 
quantity, changing all its zeros to ones and its ones U 
zeros, then adding the result to the original number. 

0.1101001 
1.0010110 



1.1111111. 



(1) 1.011U 



-I 



It is evident thai the result will always be a series ot 
ones, For n digits to the right of the binary point, tin 
result will be 2—2". The quantity obtained by inter 
changing zeros and ones is therefore the compleme; 
the original quantity with resj>ect to 2—2 •; that i* 
the new quantity m'~2-2"-m. Since the resul' 
required is 2-m, it is only necessary to add 2 " to iln 
result obtained by interchanging ones and iter*) 

m = 0,imim 
-i»=l.omiJii+njimimi= ] ixji<id. 

Complementing is thus accomplished bv inttrdianjt 
ing ones and zeros in the quantity to be complemented 
and adding a one to the result in the least significant 
digit position. 

A somewhat different subtraction method is dis 
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cussed in the section dealing with storage of absolute 
values. 

IV. MULTIPLICATION 

Multiplication in the binary system is simplified by 
the fact that any multiplier digit can be only a one or 
a zero. This fact results in a process easy to mechanise, 
since additions and shifts alternate, whereas in the 
decimal and other number systems, the number of 
additions between shifts varies in accordance with the 
multiplier digits. (Of tourse, the case of no addition 
can be treated as equivalent to the addition of zero.) 
Multiplication of two positive binary quantities, then, 
consists of examining the multiplier digits in succession, 
starting with the least significant, adding the multi- 
plicand into the partial product if the corrcsjxinding 
multiplier digit is a one, but adding zero if the multiplier 
digit is zero. After every such addition, the jmrtial 
product is shifted one place to the right. The following 
example illustrates the procedure: 
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(1 1 1 I) 1 


X 


\l 


10 11 


y 

xi 


n 


(Mini 




110 1 


j-i 




1) 1) 


.v-0 




(1 1 1 1 


rl 




n (i t) 
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0.1 1 1 1 1 xy 14.1 256. 

Note that a shift takes place after every addition except 
the last. Although the above example is written as if 
the multiplicand were shifted to the left, obviously this 
is equivalent to shifting the partial product to the right ; 
the latter process is better adapted to computer 
operation. 

Now suppose that the multiplicand, .t, is positive 
and the multiplier, y, is negative. As usual, y is written 
2— !y| = 2+y. Multiplying gives ,r(2+y) = 2r+;ry, 
which can be corrected to equal the product xy by 
subtracting 2.r. Although 2x is obtainable by a simple 
shift, nevertheless it would be more convenient if this 
shift could be avoided, and this turns out to be easily 
possible. Let x be multiplied by all digits of y except the 
sign digit, Since y is negative, this sign digit is 1 ; the 
result, therefore, is to multiply x by one less than before. 
This means the formation of the product *(!+y) 
= x+*y instead of r(2+y) = 2x+.rv. Now, a correction 
of — x is sufficient, and furthermore, the process is more 
systematic, since every addition is followed by a shift. 

Thus, to take care of the cases of .r positive and y 
either positive or negative, it is only necessary to follow 
the procedure outlined for both jt and y positive, ami, 
if y is negative, correel the result by subtracting x 
from it. The following example illustrates the pro- 
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i I xy+x 
10 11 -x 



1.0 1 1 10 1 xy 



-14.? '256. 



From symmetry it is apparent that if x is negative 
and y positive, a correction of — y will give the true 
product. As a preliminary assumption, let the sign digit 
of x be ignored until the correction at the end is made. 
This leaves only the question of how to add in the — y. 
It turns out to be convenient, as far as computer design 
is concerned, to examine successive digits of y by 
shifting y to the right a digit at a lime, dropping off 
each digit after it has been examined. This means that 
by the end of the process y has been lost and is not 
available for use in correcting the product. Therefore, 
the possibility of making the correction digit by digit 
as the product is built up must be examined. 

Suppose the numbers being used have 30 digits and 
a sign. Referring back to the basic multiplication 
process, it is noted that Ml shifts are made in building 
up the product ; therefore, the sign digit of .r during the 
first addition finally becomes the .501 h or least significant 
digit of the product. Similarly, the sign digit of x on 
the second addition becomes the 2°th digit of the 
product, and so on. ft therefore becomes apparent that 
the sign digit of x during any addition occupies in the 
final prmiuct a position equivalent to that of the digit 
of y which controlled its addition into the product. 

Next, note that the correction needed is the com- 
plement of y. Thus, for every 1 in y a is needed in the 
correction term, but for every in y a 1 should appear 
in the correction term. As usual, the complement must 
be corrected by adding a unit in the last place. .Note 
further that the correction is needed only if x is negative 
— that is, if its sign digit is 1. 

Putting together the above facts, the required pro- 
cedure may be defined, if a digit of y is 1, x (without 
its sign digit) is added into the partial product. If a 
digit of y is 0, its complement, 1, must be added into 
the partial product, but a 1 is available, in the correct 
position, in the form of the sign digit of x. Thus, if a 
digit of y is 0, the sign digit only of x is added. ( If course, 
ibis sign digit might be 0, but that would imply that x 
was positive and no correction was required; ihus no 
harm is done by adding the zero. Since the additions 
are terminated before examining the sign digit of y, 
the correction term, if any, still lacks a 1 in the 
position and a 1 in the units position. Heme, if x i-* 
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negative, these digits must be added to the product, 
as shown in the following: 

1.0 1 1 x -fi 



1 1 1 y 



H 



I) I 1 f .i- without sign) 

I) 1 1 

1 (i o o ii (sign only of x) 

(IK I I 



m i) i i o n o n i 

10 1 

1.0 1 1 1 I) 1 



i orrection lerm) 



*y 



- 143/256, 

Taking the third term of the partial product (that is, 
1.0000 shifted twice to become 0.0100) and the correc- 
tion term, and adding, the result 0.0100-f 1 .0001 
= 1.0101 is obtained. Thus, it is shown that the com- 
plement of y has in fact been added to the product. 

Finally, the case of x and y both negative will be 
considered. Starting with the numerical example, and 
following the procedure outlined for the preceding 
cases: 
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(correction for sign of jt) 

xy+x 

- x (correction for sign of y) 



0.1 1 1 1 1 xy 143/256. 

The correction terms added on account of the sign 
of x are f 1 ) 1 .0000, shifted three times to become 0.0010; 
(2) 1.0000. shifted once to become 0.1000; (3) 1.0001, 
added after all shifts are completed. 

Again adding these various corrections, the result is 
1.1011, which apjtcars to be wrong, because the com- 
plement of y is 0.1011. Recalling that, up to the ■ mm 
lion steps, signs were disregarded, and that therefore 
the factors behaved like rfl and y+ 1, I lie uncorret led 
product obtained must be fx-f-1 .>(y+l) = .ry+.v+y+ 1. 
Hence, it is necessary to subtract I as well as at and y lo 
get the true product. Since all carryovers beyond the 
sign are disregarded, subtracting 1 is the same as 
adding 1. Thus, the extra 1 which a p| mm red in the 
complement of y is necessary. 

The foregoing discussion covers alt possible cases and 
shows that a single generalized multiplication process 
can be used to produce results which are correct regard- 
less of the signs of the factors. 



v. Division 

The division process used in the binary- computer is 

the non -restoring method, analogous to that used in 
desk computing machines. This method has two im- 
portant advantages—it eliminates time-consuming com- 
[tarison operations which are necessary in the restoring 
method, and it requires no extra correction operations 
if either dividend or divisor is negative. 

In the non-restoring method of division, the signs of 
the dividend and divisor are first examined. If they are 
alike, the divisor is subtracted from the dividend re- 
peatedly until the signs become different, a unit being 
added into the corresponding quotient digit for each 
subtraction. If the signs are different, the divisor is 
added to the dividend repeatedly until the signs become 
the same, a unit being subtracted from the corrcspond- 
ing quotient digit each time. Thus, in the decimal 
system, if the signs were alike and the divisor had to be 
subtracted three times to cause a sign reversal, the 
corresjmnding quotient digit would be 3; if the signs 
were different and the divisor had to be added seven 
times to cause a sign reversal, the corresponding 
quotient digit would be - 7. As soon as a sign reversal 
occurs, the remainder is shifted one place to the left 
and computation of the next quotient digit begins. 

If the above process is carried out exactly a* de- 
scribed, any quotient digit may be ±n, where n is an 
integer in the range 1 to 10 inclusive It is obvious, 
however, that if a sign reversal has not oci mm I after 
nine additions or subtractions (in the decimal system', 
it must surely occur on the tenth operation. 1 Thus, il - 
sufficient to terminate the compulation of each digit of 
the quotient after nine 'iterations and shift the re- 
mainder without waiting for a sign reversal. The 
quotient digits then may lie ±1, ±2, •■ -, ±'*. Sup|>ose 
the quotient obtained is t he sequence 1, —3,9, 5, — 1, 6, 
To obtain the quotient in usable form, the aggregate 
of the negative digits must be subtracted from the aggre- 
gate of the positive digits: UW,50o - 30,040 = 7°,466. If 
the quotient was built up in an accumulator (i.e., a 
register containing an .older so arranged that after 
entry of a new quantity the register contains the sum 
of the latter and the previous contents), thi* process 
was carried out stepwise as the quotient was built up 

An accumulator must lie used to hold the dividend 
(which becomes the remainder, of course, after the 
process has started >. in order to provide means for 
adding in the divisor or its complement. It is more 
convenient lo store the quotient digits in a simple 
register, which cannot add or subtract, thus avoiding 
the necessity of providing an additional accumulator 
Returning for a moment to the decimal example, il 
noted that there are IS possible quotient digit Values 

'An exception t<» this rule incurs in tUr iasc of an im|irn|«-r 
division, i c , tine in which the dividend if !:ttgt-r than the d 
In this case, nn sign reversal would occur on the truth 
in the computation of the first quotient digit; it nia>. m 
be desirable In jierform the tenth operation ami institute an 
automatic corrective pr oc e du re if mi wn reversal nour* 
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(±1, ±2, ■--, ±9). By the same reasoning, il follows 
thai in the binary system there are only two values 
(±1) and that only one operation (addition or sub- 
traction, as the case may be) is necessary for each 
quotient digit. Thus, as in multiplication, additions 
(or subtractions) can alternate with shifts, and the 
result is a process easy to mechanize. There is still the 
difficulty, however, that the quotient register has no 
way of distinguishing — I from *f 1. An investigation of 
the possibility of entering a in the quotient wherever 
a — 1 is called for immediately suggests itself, in order 
to see if the pseudo-quotient so obtained bears some 
simple relationship to the true quotient, x/y, of two 
binary quantities. If such a simple relationship exists, 
il will be reasonable to compute the pseudo-quotient 
and make any necessary corrections to the la tier to 
obtain the true quotient. 

Recalling that — I should be entered in the quotient 
if y is added to the remainder, and + 1 if y is subtracted, 
is used for each addition and + 1 for each subtraction. 
An expression can now be written for the new remainder, 
r t , in terms of the old remainder r 4 _ 1t the quotient 
digit pi, and y: 

r» = 2r*_,+ <t-2^)y 

which reduces to 2ri.,+y if p k is and 2r*_i— y if 
p t is I. The factor of 2 results from the fact that the 
old remainder was shifted to the left before the addition 
or subtraction of y. Multiplying through by 2~* 

2~*r k = 2-<*- l >r^ t -f (2-* - 2-*~»p k )y 

gives a more convenient recursion formula. Noting 
that the "zeroth" remainder is actually x itself, 

2-'r,=:H-(2-'-2«/> 1 )y 

2-V 1 =2-'!> l +(2-»-2- I /> 1 }y 

= x+[(2-'+2- , )-(2«p i +2- , At)lv etc., 
or, in general, 



N< m 



2-T.-.+ Q: 2-*-£ 2-<*-'>^)y. 
i i 



£ 2- 4 =Q.l+0.01+ •■•=0.111 • 



which is evidently equal to 1 — 2 \ Thus, making this 
substitution and transposing, 

*=[- 1 + 2-+L 2-**-"fc>+2-V. 

i 

and, dividing by y, 

% v = [-l + 2-+£2-<*-»r-2— rjy. 
i 

The expression in square brackets, then, is the de- 
sired quotient. Now if n = .fl>, the hrst 30 quotient digits 
ompUted by the method outlined above corresjHind ti» 
'he sign and the lirst 29 digits of the pseudo-quotient. 
The first digit, P\, corresponds to the sign rather than 
!ie most significant digit because it is in the 2°|>nsition; 



(2-<*-i>- 2° for *=1.) To convert the pseudo-quotient 
into the true quotient, it is necessary to add 2~ m and 
subtract one. The first of these corrections corresponds 
to putting a unit in the least significant digit position, 
a step which also coincides with the roundoff procedure 
to be adopted. As for subtracting 1 from the result, 
since carries beyond the sign position are disregarded, 
subtracting 1 is the same as adding 1 ; the two correc- 
tions can therefore be taken care of by bringing the 
pseudo-quotient from the register where it was built up 
into the accumulator, simultaneously clearing out the 
last remainder and adding units into the sign and the 
least significant digits. (It may be noted that the latter 
position is still unfilled, since pn was not computed ; 
the correction in this position could therefore have been 
made in the register, but an adder is required for the 
sign correction.) 

The reader may have been troubled by the fact that 
in doubling the remainder the sign digit will be lost. 
Actually, this does no harm. The addition or subtrac- 
tion of the divisor is always such as to decrease I he 
absolute value of the remainder; since x<y to begin 
with, 2x—y<y and in general 2r—y<y. Since y<l, 
2r— y<l, and therefore the result of the operation is 
always within the range of the machine; although the 
sign digit of r was shifted out of range, it could not 
have affected the result in any case. It should be noted 
that the sign of r is used to determine whether y is to 
be added or subtracted, however; therefore, since this 
sign is lost by the shift, it must be examined and com- 
pared with the sign of y before the shift takes place. 

The example below illustrates the division process 
just described : 
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Table IV. 
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win. h is the esac! quotient, -9 11, rounded off to four 
binary place*, r, is discarded; the pseudo-quotient 
(f>t+f>~.+ f>i+p t = ilim ) and the correction term t inxil 
are added together and the result left in the at i u 
mutator, 

VI. ROUND-OFF PROCEDURES 

Both multiplication and division give results having 
more significant figures than the original numbers 
entering im.. thesi | recesses; in general, multiplication 
ui two n-digil fai tors yields a product of 2n digits, and 
division yields a quotient having an infinite number ui 
digit*. Sin, i- only h digits are required for most com- 
putational f>r. M esses, some round-off procedure must be 
followed m ordej to avoid the bias which would result 
if the remaining digits were sii iply dropped The round 
oft procedure should fulfill two requirements: the ap- 
prosimation shook] lie as close to the true produi i or 
quotient as prai tkal, and it should be unl • . its 

in should equal the true result. 
I H the various possible round-off » hemes, two are uf 
interest here The first and most familiar consists of 
ad. lim; a unit tothen+fel digit, allowing anj resulting 
rarriesto take place; and then keeping only the first n 
digit-. The other consists of repladng the nth digit with 
1 ' ■ "f whether that digit was originally a 1 

"' a " [l ■ •«" be shown that both schemes produce 
results which are sufficiently unbiased in view of the 
fail thai products and quotients themselves are not 
entire!.* unbiased. 4 I!:.- tatter situation i- due to the 
Ibal the original quantities themselves are, in 
general, roundwl-uff apf»roximations of oilier quantities 
' >n the other hand, the variance of tnesccond method is 
twire as great as that of the tirst, being 0,5s times the 
• as compared to h.2fl times the last digit f, .r 
the more familiar scheme. 

Iji spite of the larger variance, however, the second 
roundoffs* heme is used. It ha- the advantage of being 
usable even after the p»+1sl digit has been lost as t)„. 
I id a right shift; thus, it is unnecessary In inter- 
rupt the multiplication proress before the last step in 
add in the unit fr» round-off. Furthermore, no carries 
: . thus, the unit pulse .an be put in after 
the adder, and the process carried out concurrently 
with tin Inst complement correction In I hi 
ilivision, as has already l»cen seen, the result obtained 
is round off procedure without 
f,|rl1 '' rations: it thercforr become* tin i 

to rompute the <l-i quotient digit. 
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\\ hen it is „,-. essary ,) ur i ng compulation to round 
Off to less than .«] digits, (he more precise methyl ean 
be used; in most cases the procedure will he to shift 
right until all but one of the unwanted digits are lost, 
add a unit in the lowest position, and then shift right 
one more place. 

VII. STORAGE OF ABSOLUTE VALUES 

While negative quantities are stored in complement 
form in the Binat and most other binary compti 
now under eonslrut lion, it is of interest" i,, examine 
briefly the possibility of storing the absolute values of 
negative quantities, distinguishing them froti 
quantities only by the difference in the sign digi 

■ it is immaterial whether and 1 are used for f 
and - , respci lively, or vice versa. There are two prin- 
cipal iges to such a procedure; first, the prep 
linn of input data and the interpretation of output data 
ified and second, the visual interpretation of 
data in registers and memory is made easier, thus 
eqtediting trouble shooting. 

The effect on multiplication and division is that of 
simplification, since in these operations the signs i • 
disregarded and the ojicnitiniu performed on abso 
values isiih no corrections necessary. A preliminary 
comparison of the signs of the operands discloses im- 
mediately the sign of Ihe result ; this is stored until the 
operation is complete ami then appended to the produi I 

or quotient. 

In the rase of addition, however, the operations 
lirnmK more complex. Before addition can take place, 
the signs of the a. Mends must fw compared, if they are* 
alike, an add ii ion is [wrformed; otherwise subtraction 
t> nei essary, with some provision for assuring the sub- 
linn of Ihe operand having the smaller absolute 
value from that having the larger, or for making a 
-unable correction which will produce the same effect 
I lie subtraction rai be accomplished in a retrular adder 

[implementing negative quantities before sen 
them to the adder, but it is possible to avoid comple- 
ments completely, even in the arithmetic circuits, hy 
B SUbtraCtOt rather than an adder whl 

njxmttMin is indicated. The suhtractor piw 
simph . In ironically as an adder, since it must fulfill a 
set i»f conditions differing ntdy slightly from tl 
satisfied |>* the adder 
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For two binary- digits, the rules for subtraction can 
I" summarized as in Table 111, To complete the sub- 
ir.ii lion, provision must be made for taking the 
"borrow™ pulse and subtracting it from the next 
minuend digit. This is equivalent, however, to adding 
it In tin* iieitl subtrahend digit ; and the latter procedure 
proves to be more advantageous electronically. The full 
M't of conditions can now be written duwn as in 
■ IV. 

The preceding discussion of the storage of absolute 
values has been included here partly to illustrate the 
ilnlii ultics to be encountered in such a system, am! 



partly because of the Importance of the system in 

computers of the decimal type, even though the latter 
are not otherwise considered in this *»aper. Because of 
the complications involved, storage of absolute values 
is not ordinarily employed in binary computers, prob- 
ably because it is felt that the inconvenience of repre- 
senting quantities in binary form is not materially in- 
creased by the necessity of representing negative 
quantities in complement form. In decimal computers 
su< h as the I'nivac, however, where convenience in 
handling of input and output data is of great im- 
portance, the storage* of complements is avoided. 
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A Recording Polarimeter 

C.1.H0V R l.tvv, Philip Scbwhi,* and David Fran-rs 

Rtlturrk Ikp.irtmrnt, Stkadty Ijtbortltiwits, fnc , Ijturrntthuri;, lndi,m<t 

(Received March 2.1, 1950) 

\ Kcprttittg ixilarimcUT has l«-en i onslrucitil The principle oi nticranofl il rim iititllji the replacement of 
an operator in conventional visual polarimi'trN by .1 pli'ilnelivinc servo system A ph**in multiplier till* 
ii- used which, In conjunction «ilh n mechanical chopping syslem, delivers, an alternating current signal 
proportional to the unbalance The Utter is fillerrd ami amplified and at males a servo mechanism. The 
precision of the system is ±(1.1X15** (or static iiatanceand the speed alioul 0.5" pet minute Hence thr arrange- 
mem loruparcs favorably with ordinary visual operation, The consiruciion of ihe instrument is discussed 
briefly ami its performance is illustrated hy examples. 



INTRODUCTION 

IN" the study of chemical or biochemical reactions, 
it is of great advantage to select a method of 
analysis that is non-destructive and which does not 
involve sampling. Potentially, j-olarimetrir measure- 
ments are suitable, particularly in the him hemical 
field, situi* the optical activity is frequently subje* I l-> 
ciiange in the course of the reaction. However, the 
measurement of (hanging optical rotation by visual 
methods is tedious and of limited precision. For stii h 
applications, a recording polarimeter would be of t;rt*a1 
value. 

Instruments of lliis type are not available, and 
furthermore, the existing literature gives no encourage- 
ment for success of such a scheme. For example, W. 
Heller 1 stales: "Persons with particularly sensitive, 
sjiei ially trained, and well- adapted eyes can be ex- 
pected, however, to surpass any photoelectric regis- 
tration, . . ." 

Considering the fact that measurement of fast 
changing rotation is far from an ideal condition for 
visual observation, we felt encouraged to construct a 
photoelectric instrument despite the statement cited 

* Mini wiih ihc N'ational Advisory Committee for Aeronautics, 
t'levclnnd, I II 

' VV Hcttrr. in A Wcjabcrger, Phyiit tl \tttiu<d\ n] Ot&ihu 
l kcmtstrx. Vol I! i li'terwience Publisher*. In, , N,n Vi>"rL.. N V . 
T'X/.., p W.7 



In addition, the potential value of such an instrument 
ap]ieared to warrant the effort. 

We have chosen the most direct approach, i.e., 
"inverting a visual instrument In photoelectric opera- 
tion. The performance of the resultant instrument and 
its potential value in the stud\ •>( optical activity 
seems to justify ils description in mhiic detail 

PRINCIPLES OF OPERATION 

Essentially monochromatic light is passed through a 
conventional polarimeter The "half-shade" image from 
its Lippich analyzer (with two fields) is projected onto 
a photo-mull iplier photo-cell. Interposed is a scmi- 
i ireular sector which is driven by a syin lironous mnt'.r 
Thus the output of the photo-cell, at unba lance, is a 
sinusoidal alternating current whose phase is shifted 
by W) a when the direction of the unbalance reverses. 
This signal is amplified by a battery operated untuned 
preamplifier and further amplified by an amplifier 
tuned to the fixed frequency of the sector and signal. 
The signal, which is thus freed from noise, is fed afler 
further amplification to cine of the two coils of a 
ilifTirenti.il relay, the coil energized depending on the 
|insiti.in of the sector. This arrangement provides phase 
discrimination and rectification as well as further 
tillering. The relay actuates a revcrsibh 60-cyrte motor 
which i-« mec hanicffl^ linked to the analyzer of tin* 
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